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A high-dimensional sample correlation matrix is an important random matrix in multivariate statistical analysis.
Its central limit theory is one of the main theoretical bases for making statistical inferences on high-dimensional
correlation matrices. Under the high-dimensional framework in which the data dimension tends to infinity propor-
tionally with the sample size, we establish the central limit theorems (CLT) for the linear spectral statistics (LSS)
of sample correlation matrices in two settings: (1) the population follows an independent component structure; (2)
the population follows an elliptical structure, including some heavy-tailed distributions. The results show that the
CLTs of the LSS of the sample correlation matrices are very different in the two settings. In particular, even if the
population correlation matrix is an identity matrix, the CLTs are different in the two settings. An application of
our two established CLTs is provided.

Keywords: Sample correlation matrix; high-dimensional; independent component structure; elliptical
distribution; central limit theorem; random matrix theory

1. Introduction

A correlation matrix is an important matrix in multivariate statistical analysis. Suppose that y1, . . . ,yn
are independent and identically distributed (i.i.d.) from a p-dimensional population y with mean vector
μ and covariance matrix Σ. The population correlation matrix is defined as

R = [diag(Σ)]−1/2Σ[diag(Σ)]−1/2,

where diag(Σ) is a diagonal matrix formed by the diagonal elements of Σ. The sample covariance
matrix Sn and sample correlation matrix R̂n are defined as

Sn = (n − 1)−1
n∑
j=1

(yj − ȳ)(yj − ȳ)T , R̂n = [diag(Sn)]−1/2Sn[diag(Sn)]−1/2, (1.1)

where ȳ = n−1 ∑n
j=1 yj is the sample mean.

A large body of literature has studied the spectral properties of the sample covariance matrix. (1).
Regarding the limiting spectral distribution (LSD) of a high-dimensional sample covariance matrix,
[13] conducted pioneering work and established the M-P law. Later, [22] and [20] further extended the
results of the Marčenko-Pastur law and established the famous Stieltjes equations of the LSD; (2). For
the central limit theorem (CLT) of linear spectral statistics (LSS) of a high-dimensional sample covari-
ance matrix, [12] proved that the normalized power sums of sample eigenvalues were asymptotically
distributed as the standardized Gaussian distribution under Σ = Ip by using the moment method. [3] es-
tablished the CLT for the LSS of high-dimensional sample covariance matrices under the Gaussian-like
moment conditions. The CLT was further extended to a situation with an unknown mean vector and any
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fourth moment by [16,27]. [8] further extended the CLT to elliptical distributions. (3). Regarding the
limiting distribution of the extreme eigenvalues of a high-dimensional covariance matrix, [11] derived
the Tracy-Widom law of the largest eigenvalue. [23] extended the result to elliptical distributions. For
more results of high-dimensional covariance matrices, readers may refer to the book by [2].

Regarding the spectral properties of high-dimensional sample correlation matrices R̂n, some studies
have been conducted, but the literature is relatively limited. (1). For the LSD of a high-dimensional
sample correlation matrix, [9] proved that the empirical spectral distribution (ESD) of R̂n weakly
converged to the Marčenko-Pastur law under R = Ip . [5] derived the Marčenko-Pastur-type system of
equations of the LSD of R̂n for elliptical distributions, allowing R � Ip . (2). For the extreme eigenval-
ues of R̂n, the almost sure limit of the smallest eigenvalue of R̂n was derived by [24] under R = Ip .
[4] and [18] derived the Tracy-Widom law of extreme eigenvalues of R̂n. (3). For the CLT of the LSS
of R̂n, [7] established the CLT for the LSS of R̂n under R = Ip . [14] relaxed the condition R = Ip
but required a Gaussian assumption since they used Gaussian tools based on the integration by parts
formula and the Poincaré–Nash inequality. [10] studied the CLT of special LSS of sample correlation
matrices under Gaussian assumptions. [25] established the CLT for LSS of rescaled sample correlation
matrix R̂nR−1 under the independent component structure. (4). The spiked model of correlation matrix
was investigated in [15] as an extension of the spiked covariance model in [17].

The existing results for the CLT of the LSS of sample correlation matrices are for certain special
conditions, namely, the Gaussian assumption, R = Ip , a rescaled sample correlation matrix, or some
special LSS. To provide a general CLT of the LSS of sample correlation matrices, this study establishes
the CLT of the LSS of sample correlation matrices in two settings:

• The population y follows an independent component structure

y = μ + Γx, (1.2)

where Γ is a p× p non-random matrix, Ey = μ, and x is a p-dimensional random vector with i.i.d.
entries.

• The population y follows an elliptical structure

y = μ + ρΓx, (1.3)

where Γ is a p × p non-random matrix with rank(Γ) = p, ρ is a non-negative random radius of y,
and x is a p-dimensional random direction independent of ρ, and uniformly distributed on the unit
sphere Sp−1 in Rp (denoted by x ∼U(Sp−1)).

The elliptical structure and the independent component structure both include Gaussian distributions.
However, the elliptical structure includes some heavy-tailed distributions (e.g., multivariate t distribu-
tion), but the independent component structure does not. Three examples of elliptical distributions are
given as follows:

• Multivariate Gaussian distribution: When ρ2 ∼ χ2
m, where χ2

m denotes the chi-square distribu-
tion with the degree of freedom m, then y follows N(μ,ΓΓT ).

• Double exponential distribution: When ρ ∼ Gamma(p,1), where Gamma(p,1) denotes the
Gamma distribution with shape and scale parameters p and 1, y follows a double exponential
distribution with mean vector μ and covariance matrix ΓΓT .

• Multivariate t distribution: When ρ2/p ∼ F(p, ν) with ν > 4, where F(p, ν) denotes the F distri-
bution with degrees of freedom p and ν, then y ∼ t(ν,μ, ν(ν − 2)−1ΓΓT ), which is a multivariate t
distribution with mean vector μ, covariance matrix ν(ν − 2)−1ΓΓT , and degree of freedom ν.
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For other elliptical distributions, such as Kotz-type distributions and Pearson type II distributions, see
[6]. Multivariate t and Gaussian distributions are also mentioned in [8].

Our contributions are as follows:

• Deriving the CLT of the LSS of a high-dimensional sample correlation matrix R̂n under the
independent component structure (1.2);

• Deriving the CLT of the LSS of a high-dimensional sample correlation matrix R̂n under the
elliptical structure (1.3).

It shows that the CLTs of the LSS of sample correlation matrices are very different under the indepen-
dent component structure and the elliptical structure. Even if the population correlation matrix is an
identity matrix, that is, R = Ip , the two CLTs differ under the two structures.

This paper is organized as follows: Section 2 derives the LSD of high-dimensional R̂n under both
independent component and elliptical structures. The CLT of the LSS of R̂n under the elliptical and
independent component structures is established in Sections 3 and 4, respectively. Section 5 presents
the application as well as some simulation results. The sketches of proofs of theorems can be found in
the Appendix. The detailed proofs of some theorems are included in the supplement.

2. Limiting spectral distribution of ̂Rn

Assumption AE . Assume that the i.i.d. samples y1, . . . ,yn satisfy the following elliptical structure:

yj = ρjΓxj + μ, j = 1, . . . ,n, (2.1)

where Γ is a p × p non-random matrix with rank(Γ) = p, xj is a p-dimensional random direction
independent of ρj and uniformly distributed on the unit sphere Sp−1 in Rp , and ρj is a non-negative
random radius satisfying

Eρ2
j = p, Eρ4

j = p2 + τp + o(p), E
���p−1/2(ρ2

j − p)
���2+ε <∞, (2.2)

for constants τ ≥ 0 and ε > 0.

Assumption AL . Assume that the i.i.d. samples y1, . . . ,yn satisfy the following linear independent
component structure:

yj = Γxj + μ, j = 1, . . . ,n,

where Γ is a p × p non-random matrix, Eyj = μ, and xj = (x1j, . . . , xpj )T is a p-dimensional random
vector with i.i.d. entries satisfying

Exi j = 0, Ex2
i j = 1, Ex4

i j = βx + 3 + o(1), E(|xi j |4(log(|xi j |))2+2ε ) <∞.

Assumption B. Let G = [diag(Σ)]−1/2Γ. Assume that the ESD Hn of R =GGT weakly converges to
a proper distribution H as p →∞. Moreover, the spectral norm of R is uniformly bounded in p.

Assumption C. A convergence regime is required as yn = p/n → y ∈ (0,+∞).

Assumptions AE and AL are for two model structures, where AE applies to elliptical structures,
including some heavy-tailed distributions, and AL applies to independent component structures. For
the aforementioned elliptical distributions, we have
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• When y follows a multivariate normal distribution, τ = 2 and ρ2 ∼ χ2
p;

• When y follows a double exponential distribution, τ = 4 and ρ ∼ Gamma(p,1);
• When y follows a multivariate t distribution, τ does not exist and ρ2 ∼ pF(p, ν).

Assumption B is for the spectral norm of the population correlation matrix R. Assumption C states that
the population dimension p and sample size n tend to infinity proportionally.

For simplicity, let {λ̂i,i = 1, . . . ,p} be the sample eigenvalues of R̂n defined in (1.1). The ESD of R̂n

is defined as

Fn(x) = p−1
p∑
i=1

δ{λ̂i ≤x },

where δ{·} is an indicator function and x is any real number. The following theorem provides the LSD
Fy,H (x) of Fn(x).

Theorem 2.1. Under Assumptions AL-B-C or AE -B-C, the ESD Fn(x) of R̂n converges almost surely
to the LSD Fy,H , whose Stieltjes transform s(z) is the only solution to the equation

s(z) =
∫

1
t[1 − y − yzs(z)] − z

dH(t), z ∈ C+, (2.3)

in the set {s(z) : −(1− y)/z+ ys(z) ∈ C+}, where C+ = {z ∈ C : �(z) > 0} with �(z) being the imaginary
part of z. Letting

s(z) = −1 − y

z
+ ys(z), z ∈ C+,

then (2.3) can be re-expressed as

z = − 1
s(z) + y

∫
t

1 + ts(z)dH(t).

Let [a,b] be the support set of the LSD Fy,H (x); then, Fy,H (x) = 0, x < 0 and

Fy,H (x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
x∫

0
f y,H (t)dt, y ≤ 1, x ≥ 0,

x∫
0

f y,H (t)dt + (1 − 1/y)δ{x≥0}, y > 1, x ≥ 0,

with the limiting spectral density being

f y,H (x) = (yπ)−1 lim
z→x

�(s(z))δ{0≤a≤x≤b} . (2.4)

Note that the Stieltjes transform s(z) of the LSD of the high-dimensional sample correlation matrix R̂n

in (2.3) has the same form as that of the high-dimensional sample covariance matrix in [20]. More-
over, the Stieltjes transforms of the LSD of R̂n are the same for elliptical and independent component
structures.
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3. Central limit theorem of linear spectral statistics of ̂Rn under
elliptical structure

Let {λ̂i,i = 1, . . . ,p} be the sample eigenvalues of R̂n defined in (1.1), where y1, . . . ,yn satisfy Assump-
tion AE . Define the LSS of R̂n as

Lg� =

p∑
i=1

g�(λ̂i), � = 1, . . . ,K, (3.1)

where g�(·),� = 1, . . . ,K are some known analytic functions. To establish the CLT of the LSS of R̂n, for
a fixed K and known functions g1, . . . ,gK , we consider the K-dimensional random vector (W(g1), . . .,
W(gK )), where

W(g�) =
p∑
i=1

g�(λ̂i)δ{λ̂i>0} − p

b∫
a

g�(x) f yn−1 ,H (x)dx, � = 1, . . . ,K, (3.2)

and f yn−1 ,H is defined in (2.4) with yn−1 = p/(n − 1).
We need an additional assumption as follows:

Assumption D. The functions g1, . . . ,gK are known analytic functions in a domain containing[
lim inf

p
λR

min · δ{0≤y≤1}(1 −√
y)2, lim sup

p
λR

max · (1 +
√
y)2

]
where λR

min and λR
max are the minimum and maximum eigenvalues of R, respectively.

3.1. Central limit theorem under elliptical structure

This section establishes the CLT of the random vector (W(g1), . . . ,W(gK )) under the elliptical structure
assumption AE .

Theorem 3.1. Under Assumptions AE -B-C-D, the random vector (W(g1), . . . ,W(gK )) weakly con-
verges to a multivariate Gaussian random vector (Xg1, . . . ,XgK ) with the mean and covariance func-
tions as follows:

EXg� = −
1

2πi

∮
C
g�(z)EM(z) dz,

Cov(Xg�1
,Xg�2

) = − 1
4π2

∮
C1

∮
C2

g�1(z1)g�2 (z2)Cov(M(z1),M(z2)) dz2 dz1,
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where

EM(z) =y
∫ [ts′(z)]2

s(z)[1 + ts(z)]3
dH(t) + (τ − 2)[1 + zs(z)]

∫
ts′(z)

[1 + ts(z)]2
dH(t)

+ lim
n→∞

2
n

p∑
k=1

∂

∂z

[
s(z)

(
eTkR(z)Rek

) 2
]

+ lim
n→∞

1
n

p∑
k=1

p∑
�=1

r2
k� ·
∂

∂z

[ (
eTk R(z)e�

) 2
] (3.3)

and

Cov(M(z1),M(z2)) =2
{

s′(z1)s′(z2)
[s(z2) − s(z1)]2

− 1
(z1 − z2)2

}
+ lim

n→+∞
2
n

p∑
k=1

p∑
�=1

r2
k� ·

∂

∂z1
eTk R(z1)ek ·

∂

∂z2
eT� R(z2)e�

+ lim
n→+∞

2
n

p∑
k=1

∂

∂z1
eTkR(z1)ek ·

∂

∂z2

[
eT
k
R(z2)ek − 1

s(z2)

]
+ lim

n→+∞
2
n

p∑
k=1

∂

∂z1

[
eT
k
R(z1)ek − 1

s(z1)

]
· ∂
∂z2

eTk R(z2)ek,

(3.4)

for �,�1,�2 ∈ {1, . . . ,K}, C, C1, and C2 are three contours enclosing the support [a,b] of Fy,H (x),
C1, C2 are non-overlapping, the contour integral

∮
is anticlockwise, rk� is the (k, �)th element of the

population correlation matrix R, ek is the kth column of p× p identity matrix Ip , s′(z) is the derivative
of s(z) at z, and

R(z) =
(
Ip + s(z)R

) −1
.

Remark 3.1. When R = Ip , (3.3) and (3.4) can be simplified as

EM(z) =
y[s′(z)]2

s(z)[1 + s(z)]3
+ (τ − 4)[1 + zs(z)]

s′(z)
[1 + s(z)]2

,

Cov(M(z1),M(z2)) =2
{

s′(z1)s′(z2)
[s(z2) − s(z1)]2

− 1
(z1 − z2)2

}
− 2y

s′(z1)s′(z2)
[1 + s(z1)]2[1 + s(z2)]2

.

Theorem 3.2. Under Assumptions AE -B-C-D and R = Ip , the random vector

(W(g1), . . . ,W(gK ))
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converges weakly to a multivariate Gaussian random vector (Xg1, . . . ,XgK ) with

EXg� = lim
r→1+

1
2πi

∮
|ξ |=1

g�(|1 +
√
yξ |2)

(
ξ

ξ2 − r−2 − 1
ξ

)
dξ

+
τ − 4
2πi

∮
|ξ |=1

g�(|1 +
√
yξ |2)

ξ3 dξ

(3.5)

and

Cov(Xg�1
,Xg�2

) = lim
r→1+

−1
2π2

∮
|ξ1 |=1

∮
|ξ2 |=1

g�1 (|1 +
√
yξ |2)g�2 (|1 +

√
yξ |2)

(ξ1 − rξ2)2
dξ2dξ1

+
1

2π2

∮
|ξ1 |=1

g�1 (|1 +
√
yξ1 |2)

ξ2
1

dξ1

∮
|ξ2 |=1

g�2(|1 +
√
yξ2 |2)

ξ2
2

dξ2,

(3.6)

where �,�1,�2 ∈ {1, . . . ,K}, the contour
∮

is anticlockwise, and

|1 +√yξ |2 = 1 +
√
yξ +

√
yξ−1 + y

satisfies |ξ | = 1.

Note that the CLTs of the LSS of R̂n in Theorems 3.1 and 3.2 differ from those of R̂nR−1 in [25].

3.2. Two examples

The following two examples show two applications of the CLT of the LSS of sample correlation matri-
ces under elliptical structure: one is for spatial-sign samples, and the other is for general samples from
elliptical structure.

Example 3.1. Letting g�(x) = x� for � = 1,2,3,4 and g5(x) = log x, under Assumptions AE -B-C-D and
R = Ip , we have

• Centering terms: ∫
g1(x) f yn−1 (x)dx = 1,

∫
g2(x) f yn−1 (x)dx = 1 + yn−1,∫

g3(x) f yn−1 (x)dx = 1 + 3yn−1 + y2
n−1,∫

g4(x) f yn−1 (x)dx = 1 + 6yn−1 + 6y2
n−1 + y3

n−1,∫
g5(x) f yn−1 (x)dx = yn−1−1

yn−1
log(1 − yn−1) − 1, yn−1 < 1,

(3.7)

• Mean terms:

EXg1 = 0, EXg2 = −3y + τy,
EXg3 = −9y(1 + y) + 3τy(1 + y),
EXg4 = 6(τ − 3)y(1 + y)2 + (4τ − 10)y2,
EXg5 = 0.5 log(1 − y) − 0.5y(τ − 4).

(3.8)
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• Variance and covariance terms:

Var(Xg1 ) = 0, Var(Xg2 ) = 4y2,

Var(Xg3 ) = 6y3 + 36y2(1 + y)2,
Var(Xg4 ) = 8y4 + 96y3(1 + y)2 + 16y2[2y + 3(1 + y)2]2,
Var(Xg5 ) = −2 log(1 − y) − 2y, y < 1,
Cov(Xg1,Xg� ) = 0, � = 2,3,4,5,
Cov(Xg2,Xg3 ) = 12y2(1 + y),
Cov(Xg2,Xg4 ) = 8y2[2y + 3(1 + y)2],
Cov(Xg2,Xg5 ) = −2y2,

Cov(Xg3,Xg4 ) = 24(1 + y)y3 + 24y2(1 + y)[2y + 3(1 + y)2],
Cov(Xg3,Xg5 ) = 2y3 − 6y2(1 + y),
Cov(Xg4,Xg5 ) = −2y4 + 8(1 + y)2y3 − 4y2

(
2y + 3(1 + y)2

)
.

(3.9)

Example 3.2. Suppose that the samples y0
1,y

0
2, . . . ,y

0
n are i.i.d. from a p-dimensional elliptical structure

y0
j = ρ

0
jΓxj, j = 1, . . . ,n,

in (2.1) and (2.2). Let the spatial-sign samples be

yj =
√

p
y0
j

‖y0
j ‖
, j = 1, . . . ,n.

Let the sample correlation matrix R̂n be from the spatial-sign samples y1, . . . ,yn,

Sn = (n − 1)−1
n∑
j=1

(yj − ȳ)(yj − ȳ)T , R̂n = [diag(Sn)]−1/2Sn[diag(Sn)]−1/2,

and λ̂1, . . . , λ̂p be the sample eigenvalues of R̂n. Then, when y0
1,y

0
2, . . . ,y

0
n satisfy Assumptions

AE -B-C-D and Cov(y0
j ) = Σ = σ

2Ip , where σ2 is an unknown scalar parameter, the random vector

(W(g1), . . . ,W(gK ))

converges weakly to a multivariate Gaussian random vector (Xg1, . . . ,XgK ) with the mean function
EXg� and covariance function Cov(Xg�1

,Xg�2
), which are the same as (3.5) and (3.6) with τ = 0; that

is,

EXg� = lim
r→1+

1
2πi

∮
|ξ |=1

g�(|1 +
√
yξ |2)

(
ξ

ξ2 − r−2 − 1
ξ

)
− 4

2πi

∮
|ξ |=1

g�(|1 +
√
yξ |2)

ξ3 dξ, (3.10)

Cov(Xg�1
,Xg�2

) = lim
r→1+

−1
2π2

∮
|ξ1 |=1

∮
|ξ2 |=1

g�1 (|1 +
√
yξ |2)g�2 (|1 +

√
yξ |2)

(ξ1 − rξ2)2
dξ2dξ1

+
1

2π2

∮
|ξ1 |=1

g�1 (|1 +
√
yξ1 |2)

ξ2
1

dξ1

∮
|ξ2 |=1

g�2(|1 +
√
yξ2 |2)

ξ2
2

dξ2.

(3.11)
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In particular, for g1(x) = x, g2(x) = x2, g3(x) = x3, g4(x) = x4, g5(x) = log x,
∫
g�(x) f yn−1 (x)dx, EXg�

and Cov(Xg�1
,Xg�2

) are given in (3.7), (3.8) and (3.9) with τ = 0.

Proof. Since xj is uniformly distributed on the unit sphere Sp−1 in Rp , then xj can be equivalently
written as

xj =wj/‖wj ‖, wj ∼ N(0,Ip).

Thus, we have

y0
j = ρ

0
jΓ

wj

‖wj ‖
, ‖y0

j ‖ = ρ
0
j

‖Γwj ‖
‖wj ‖

.

Then, by ΓΓT = Σ = σ2Ip , we obtain

yj =
√

p
Γwj

‖Γwj ‖
d
=
√

p
wj

‖wj ‖
= ρjxj,

where Γwj ∼ N(0,σ2Ip),
d
= denotes having the same distributions, ρj =

√
p, and Eρ4

j = p2 with τ =
0.

4. Central limit theorem of linear spectral statistics of ̂Rn under
linear independent component structure

This section establishes the CLT of the random vector (W(g1), . . . ,W(gK )) under the linear independent
component structure assumption AL . Let {λ̂i,i = 1, . . . ,p} be the sample eigenvalues of R̂n defined in
(1.1), where y1, . . . ,yn satisfy Assumption AL .

Theorem 4.1. Under Assumptions AL-B-C-D and GTG being a diagonal matrix or βx = 0, the random
vector (W(g1), · · · ,W(gK )) converges to a multivariate Gaussian random vector (Xg1, · · · ,XgK ) with the
mean and covariance functions as follows:

EXg� = −
1

2πi

∮
C
g�(z)EM(z) dz,

Cov(Xg�1
,Xg�2

) = − 1
4π2

∮
C1

∮
C2

g�1(z1)g�2 (z2)Cov(M(z1),M(z2)) dz2 dz1,
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where

EM(z) =y
∫ [ts′(z)]2

s(z)[1 + ts(z)]3
dH(t) + βx y

∫
t2s′(z)s(z)
[1 + ts(z)]3

dH(t)

+ lim
n→∞

2
n

p∑
k=1

∂

∂z
[s(z)(eTk R(z)Rek)2]

+ lim
n→∞

βx
n

p∑
k=1

p∑
�=1

g2
k� ·
∂

∂z

[
s(z)(eT� GT

R(z)ek)2
]

+ lim
n→∞

1
n

p∑
k=1

p∑
�=1

r2
k� ·
∂

∂z

[ (
eTkR(z)e�

) 2
]

+
βx
2

lim
n→∞

1
n

p∑
k=1

p∑
�=1

∂

∂z

[ (
eTk R(z)e�

) 2
] p∑

j=1

g2
� jg

2
k j,

(4.1)

and

Cov(M(z1),M(z2)) (4.2)

= 2
{

s′(z1)s′(z2)
[s(z2) − s(z1)]2

− 1
(z1 − z2)2

}
+ βx y

∫
t2s′(z1)s′(z2)

[1 + ts(z1)]2[1 + ts(z2)]2
dH(t)

+ lim
n→+∞

1
n

p∑
k=1

p∑
�=1

���βx
p∑
j=1

g2
k jg

2
� j + 2r2

k�
� ! ·

[
∂

∂z1
eTkR(z1)ek

∂

∂z2
eT� R(z2)e�

]

+ lim
n→+∞

2
n

p∑
k=1

∂

∂z1
eTkR(z1)ek ·

∂

∂z2

[
eT
k
R(z2)ek − 1

s(z2)

]
+ lim

n→+∞
2
n

p∑
k=1

∂

∂z1

[
eT
k
R(z1)ek − 1

s(z1)

]
· ∂
∂z2

eTk R(z2)ek

+ lim
n→+∞

βx
n

p∑
k=1

p∑
�=1

g2
k� ·

∂

∂z1
eTkR(z1)ek ·

∂

∂z2

[
s(z2)eT� GT

R(z2)Ge�

]
+ lim

n→+∞
βx
n

p∑
k=1

p∑
�=1

g2
k� ·

∂

∂z2
eTkR(z2)ek ·

∂

∂z1

[
s(z1)eT� GT

R(z1)Ge�

]
,

for �,�1,�2 ∈ {1, . . . ,K}, C, C1, and C2 are three contours enclosing the support [a,b] of Fy,H (x), C1,
C2 are non-overlapping, the contour integral

∮
is anticlockwise, gk� is the (k, �)th element of G, and

R(z) =
(
Ip + s(z)R

) −1
.

Note that the CLT of the LSS of R̂n in Theorem 4.1 differ from that of R̂nR−1 in [25] for the case
R � Ip . However, for R = Ip , the CLT of the LSS of R̂n in Theorem 4.1 is the same as that of R̂nR−1

in [25].
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Remark 4.1. When τ = 2 and βx = 0, the CLT under elliptical assumption AE , is the same as the CLT
under linear independent component assumption AL . That is, the mean functions (3.3) and (4.1) are
the same, and the covariance functions (3.4) and (4.2) are also the same.

• Influence of τ: The mean function in the CLT under the elliptical assumption AE depends on the
parameter τ. It is interesting that the covariance function in the CLT under the elliptical assump-
tion AE is independent of the parameter τ.

• Influence of βx: The mean and covariance functions in the CLT under the independent component
structure assumption AL both depend on the parameter βx .

Corollary 4.1. Under Assumptions AL-B-C-D and R = Ip , the random vector

(W(g1), . . . ,W(gK ))

converges weakly to a multivariate Gaussian random vector (Xg1, . . . ,XgK ) with

EXg� , Cov(Xg�1
,Xg�2

)

being the same as those in Example 3.1 of [25].

Example 4.1. Letting g�(x) = x� for � = 1,2,3,4 and g5(x) = log x, under Assumptions AL-B-C-D and
R = Ip , we have

• Centering terms: For � = 1,2,3,4,5,
∫
g�(x) f yn−1 (x)dx is the same as (3.7) in Example 3.1.

• Mean and Covariance terms: For �,�1,�2 = 1,2,3,4,5, EXg� and Cov(Xg�1
,Xg�2

) are the same as
Example 3.3 in [25].

5. An application

In this section, we test the uncorrelation of a group of random variables Y1, . . . ,Yp; that is,

H0 : Corr (Yk,Y�) = 0 for 1 ≤ k < � ≤ p v.s. H1 : not H0, (5.1)

where Corr(·) denotes the Pearson correlation coefficient. Since the elliptical distributions include
heavy-tailed distributions, for example, multivariate t distribution, we will test (5.1) under the ellip-
tical distributions.

5.1. Tests

Suppose that the samples y0
1,y

0
2, . . . ,y

0
n are i.i.d. from a p-dimensional elliptical structure

y0
j = ρ

0
jΓxj, j = 1, . . . ,n,

in (2.1). Let the spatial-sign samples be

yj =
√

p
y0
j

‖y0
j ‖
, j = 1, . . . ,n.
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Let λ̂1, . . . , λ̂p be the sample eigenvalues of the sample correlation matrix R̂n from the samples
y1, . . . ,yn in (1.1). We consider two test statistics as follows:

TL = log det (R̂n) =
p∑
i=1

log λ̂i,

TS′ = tr(R̂n − Ip)2 =
p∑
i=1

(λ̂i − 1)2 =
p∑
i=1

λ̂2
i − p,

where TL is similar to the generalized likelihood ratio test (GLRT) statistic in [1] and TS′ is similar to
the Schott test (SCT) statistic in [19]. Without loss of generality, we let

TS =
p∑
i=1

λ̂2
i

replace TS′ . Motivated by [21], to enhance the powers, we also consider the following statistic:

TF = tr[(R̂n − Ip)4] + 3p =
p∑
i=1

λ̂4
i − 4

p∑
i=1

λ̂3
i + 6

p∑
i=1

λ̂2
i .

By Examples 3.1 and 3.2, and setting

yn−1 = p/(n − 1), yn = p/n,

under H0 and the assumptions of Example 3.2, we have

σ−1
L (TL − μL) → N(0,1), 0 < yn−1 < 1,

σ−1
S (TS − μS) → N(0,1), 0 < yn−1,

σ−1
F (TF − μF ) → N(0,1), 0 < yn−1,

where

μL = p(yn−1 − 1)(yn−1)−1 log(1 − yn−1) − p+0.5 log(1 − yn)+2yn,

μS = pyn−1 + p − 3yn,

μF = py3
n−1 + 2py2

n−1 + 3p + e4 − 4e3 + 6e2,

σ2
L = −2 log(1 − yn) − 2yn, σ2

S = 4y2
n,

σ2
F = v4 + 16v3 + 36v2 − 8v3,4 + 12v2,4 − 48v2,3,

with

e2 = −3yn, e3 = −9yn(1 + yn), e4 = −18yn(1 + yn)2 − 10y2
n,

v2 = 4y2
n, v3 = 6y3

n + 36y2
n(1 + yn)2,

v4 = 8y4
n + 96y3

n(1 + yn)2 + 16y2
n[2yn + 3(1 + yn)2]2,

v2,3 = 12y2
n(1 + yn), v2,4 = 8y2

n[2yn + 3(1 + yn)2],
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v3,4 = 24(1 + yn)y3
n + 24y2

n(1 + yn)[2yn + 3(1 + yn)2].

The rejection regions of the three tests based on the statistics TL , TS , and TF for testing (5.1) at the test
level 5% are as follows:

{y1, . . . ,yn : σ−1
L |TL − μL | > q0.975}, (5.2)

{y1, . . . ,yn : σ−1
S |TS − μS | > q0.975}, (5.3)

{y1, . . . ,yn : σ−1
F |TF − μF | > q0.975}, (5.4)

where q0.975 is the 97.5% quantile of N(0,1).

5.2. Simulation study

To test (5.1), this section compares the performances of our proposed three tests: “CLRT” from (5.2),
“SCT” from (5.3), and “FT” from (5.4). The matrix Γ is set as

• Scenario 1: Γ = Σ1/2, Σ = (si, j ,θ )p×p , si, j ,θ = δ{i=j } + δ{i�j }θ |i−j | ,
• Scenario 2: Γ = Σ1/2, Σ = (si, j ,η)p×p, si, j ,η = δ{i=j } + δ{i�j }η, i, j = 1, . . . ,p,

where 1p is a p-dimensional vector with p elements being one and θ, η are two parameters satisfying
|θ | < 1, 0 < η < 1. In Scenario 1, all eigenvalues of Σ deviate from 1 with faint signals. And in Scenario
2, the maximum eigenvalue of Σ is 1 + (p − 1)η with the order O(p), and other p − 1 eigenvalues of Σ
are all 1 − η.

The samples y0
1,y

0
2, . . . ,y

0
n are i.i.d. from a p-dimensional elliptical structure

y0
j = ρ

0
jΓxj, j = 1, . . . ,n

in (2.1), where xj is uniformly distributed on the unit sphere Sp−1 in Rp . Then, the spatial-sign samples
are yj =

√
py0

j/‖y0
j ‖ for j = 1, . . . ,n. We consider multivariate t distribution of y0

j as follows:

• Multivariate t distribution: Let (ρ0
j )

2/p ∼ F(p, ν), where ρ0
j is independent of xj . Then, y0

j is dis-
tributed as the multivariate t distribution with mean vector 0p , covariance matrix ν(ν − 2)−1ΓΓT ,
and the degree of freedom ν.

The parameter setting is as follows:

• Dimension: p = 100,250,500,1000;
• Ratio of dimension and sample size: p/n = 0.1,0.5,0.8,1.5,5;
• θ = 0,0.03,0.05 with θ = 0 to evaluate empirical sizes and θ � 0 to evaluate empirical powers in

Scenario 1;
• η = 0,0.001,0.002, · · · ,0.012 with η = 0 to evaluate empirical sizes and η � 0 to evaluate empirical

powers in Scenario 2;
• Degree of freedom: ν = 5.

The test level was set as α = 5%, the simulation times were 10000, and the rejection regions of our
proposed three tests CLRT, SCT, and FT were (5.2)-(5.3)-(5.4). Table 1 presents the empirical sizes
and powers of our three tests in Scenario 1. It seems that the SCT performs better than the CLRT
and FT. Fig. 1 shows the performances of the three tests for p = 500 and n = 600 in Scenario 2. In
this setting, the FT performs better than the CLRT and SCT. The simulation results show that the test
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Table 1. Percentages for empirical sizes and powers of the three tests CLRT, SCT, and FT in Scenario 1.

Empirical sizes Empirical powers

θ = 0 θ = 0.03 θ = 0.05
p p/n CLRT SCT FT CLRT SCT FT CLRT SCT FT

0.1 4.65 4.72 3.81 14.23 14.99 11.42 67.26 70.36 57.98
100 0.5 4.75 4.42 3.32 5.52 4.67 3.45 7.05 8.04 6.16

0.8 5.76 4.30 3.06 5.17 4.61 3.68 6.01 6.54 5.12
1.5 / 4.14 3.04 / 4.56 3.25 / 5.00 4.09
5 / 3.89 3.80 / 4.29 4.08 / 4.03 3.68

0.1 4.99 4.78 4.77 58.6 61.8 49.6 100 100 100
250 0.5 5.02 4.65 4.25 6.36 7.02 6.05 18.1 24.9 18.9

0.8 5.15 4.53 3.61 5.61 6.18 4.73 8.33 12.8 10.0
1.5 / 4.73 3.84 / 4.98 4.24 / 7.03 6.07
5 / 3.90 3.77 / 4.32 4.15 / 4.73 4.44

0.1 5.39 5.12 4.91 99.0 99.4 97.6 100 100 100
500 0.5 4.62 4.66 4.53 11.7 14.9 11.3 51.8 70.4 56.8

0.8 4.96 4.75 4.45 6.71 9.31 7.63 16.6 34.4 26.6
1.5 / 4.58 4.21 / 6.02 5.17 / 13.8 11.6
5 / 4.82 4.34 / 4.99 4.93 / 5.45 5.58

0.1 5.28 4.86 4.99 100 100 100 100 100 100
1000 0.5 5.39 4.69 4.44 30.8 44.6 33.8 98.0 100 99.1

0.8 5.42 5.03 4.69 10.8 19.7 15.3 50.9 87.8 77.1
1.5 / 4.84 4.76 / 9.06 7.58 / 37.7 30.4
5 / 4.90 4.82 / 5.35 5.16 / 7.99 7.84

Figure 1. Empirical sizes and powers of the three tests CLRT, SCT, and FT in Scenario 2. The dimension and
sample size is p = 500 and n = 600, respectively.
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“SCT” is powerful for the alternative that all its eigenvalues {λj, j = 1, · · · ,p} deviate from 1 with
faint and dense signals because

∑p
j=1(λj − 1)2 will be very large. For example, if λ1 = · · · = λp/2 = 1.2

and λp/2+1 = · · · = λp = 0.8, then
∑p

j=1(λj − 1)2 = 40 for p = 1000. The test “FT” is powerful for the
alternative with its spike eigenvalues far exceeding 1 because the fourth power of the spike eigenvalues
will be very large.

Appendix A: Proofs of Theorem 2.1, Theorem 3.1, and Theorem 4.1

This section provides the skeleton proof of some theorems in Sections 3 and 4. The technical details
can be found in the supplementary file: Supplement on “Central Limit Theorem of Linear Spectral
Statistics of High-dimensional Sample Correlation Matrices.”

A.1. Remove the sample mean

First, notice that

Sn = (n − 1)−1
n∑
j=1

(yj − ȳ)(yj − ȳ)T = (n − 1)−1
n∑
j=1

(y0
j − ȳ0)(y0

j − ȳ0)T ,

where

y0
j =

{
ρjΓxj, under elliptical case,
Γxj, under linear case,

and ȳ0 = n−1 ∑n
j=1 y0

j . Denote S0
n = n−1 ∑n

j=1 y0
jy

0
j

T . Note that the rank of ȳ0ȳ0T is at most one, and
combined with Theorem A.43 in [2], we know that for a large n, the difference between the ESD of
S0
n and the ESD of Sn is negligible. Thus, we consider S0

n instead of Sn in the proof of Theorem 2.1
in the next section. Then, by the proof of substitution principle for the CLT of the LSS of the sample
covariance matrix in [27], we also study the matrix S0

n instead of Sn in the proof of Theorems 3.1
and 4.1. The difference between these two CLTs is indicated by the change in the ratio of dimension
to sample size, from yn to yn−1. By checking the proofs, we find that the main task in proving the
substitution principle is the proof of (5.7) in [27]. By the decomposition equation (1.18) and Lemma
2.3 given in the supplement [26], combined with (5.6) and Lemmas 5.1 and 5.6 in [27], the substitution
principle for the CLT of the LSS of the sample correlation matrix also holds. Section 5.3.2 in [27]
contains further details.

In the following sections, we still use Sn instead of S0
n, and the definition of the sample correlation

matrix is redefined accordingly. Before presenting the proof, we offer some notations. Let

G = (gkh) = [diag(Σ)]−1/2Γ, (A.1)

Ξj =

{
ρ2
jGxjxTj GT , under elliptical case,

GxjxTj GT , under linear case,
(A.2)

Ξ =
1
n

n∑
j=1

Ξj . (A.3)
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Observe that

E(Ξj) = E(Ξ) =R, hence diag(E(Ξ j)) = diag(E(Ξ)) = Ip . (A.4)

It is easy to see that R̂n can also be written as

R̂n = [diag(Ξ)]−1/2Ξ [diag(Ξ)]−1/2 .

Throughout this paper, we also note that C and C(·) denote constants that may take different values
from one appearance to another.

A.2. Proof of Theorem 2.1

The result under the linear model was proven in [5], and we now consider the elliptical case. Note that
‖Ξ‖ ≤ C,a.s. as n → ∞ (see the supplement for details); it can be verified from Lemma 2.3 in the
supplement that###R̂n −Ξ

### =### ([diag(Ξ)]−1/2 − Ip + Ip
)
Ξ
(
[diag(Ξ)]−1/2 − Ip + Ip

)
−Ξ

### (A.5)

≤
### ([diag(Ξ)]−1/2 − Ip

)
Ξ
(
[diag(Ξ)]−1/2 − Ip

) ###
+

###Ξ (
[diag(Ξ)]−1/2 − Ip

) ### + ### ([diag(Ξ)]−1/2 − Ip
)
Ξ
###

≤
### ([diag(Ξ)]−1/2 − Ip

) ###2###Ξ### + 2
### ([diag(Ξ)]−1/2 − Ip

) ######Ξ###→ 0 a.s..

Then, the result of this theorem in the elliptical case follows from Theorem 2.1 in [8] and Weyl’s
inequality.

A.3. Sketch of proofs of Theorem 3.1 and Theorem 4.1

This section provides the main sketch of the proof of Theorems 3.1 and 4.1. The details are included in
the Supplementary Material. Recall that, for any analytic function g in a domain containing the support
interval Fy,H ,

W(g) =
p∑
i=1

g(λ̂i) − p
∫

g(x) dFyn ,Hn (x),

where {λ̂i,i = 1, . . . ,p} are the eigenvalues of R̂n.
First, we need to conduct truncation, centralization, and rescaling. Specifically, in the elliptical case,

we perform truncation and rescaling on {ρj, j = 1, · · · ,n} and provide the following notation:

• Truncation: Denote ρ̌j = ρj I{
���ρ2

j
−p

���<ηnp}
, Ξ̌ = n−1 ∑n

j=1 ρ̌
2
jGxjxTj GT , and

Řn =
[
diag(Ξ̌)

] −1/2
Ξ̌

[
diag(Ξ̌)

] −1/2
,

where the sequence ηn ↓ 0 as n →∞ and satisfies

ηn
√

n →∞, η−2
n p−1E

[ (
ρ2

1 − p
) 2

I{ |ρ2
1−p | ≥ηnp}

]
→ 0.
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• Rescaling: Denote ρ̃j = ρ̌j/σn, Ξ̃ = n−1 ∑n
j=1 ρ̃

2
jGxjxTj GT , and

R̃n =
[
diag(Ξ̃)

] −1/2
Ξ̃

[
diag(Ξ̃)

] −1/2
,

where σ2
n = E

(
ρ̌2

1

)
/p.

In the linear case, we perform truncation, centralization, and rescaling on {xi j,i = 1, · · · ,p, j = 1, · · · ,n}
and provide the following notation:

• Truncation: Denote x̌i j = xi j I{��xi j ��<ηn
√
n
} , X̌ =

(
x̌i j

)
, Ξ̌ = n−1GX̌X̌TG, and

Řn = n−1 [
diag(Ξ̌)

] −1/2
Ξ̌

[
diag(Ξ̌)

] −1/2
,

where the sequence of ηn = (log n)−(1+ε)/2 ↓ 0 as n →∞.

• Centralization and Rescaling: Denote x̃i j =
(
x̌i j − E x̌i j

)
/
√

E
(
x̌i j − E x̌i j

) 2, X̃ =
(
x̃i j

)
, Ξ̃ =

n−1GX̃X̃TG, and

R̃n =
[
diag(Ξ̃)

] −1/2
Ξ̃

[
diag(Ξ̃)

] −1/2
.

We define W̃(g) as the analogs of W(g) with R̂n replaced by R̃n. We can prove that

W(g) = W̃(g) + oa.s.(1)

in the elliptical and linear cases, respectively. Therefore, we only need to derive the limiting distribution
of W̃(g). For simplicity, we still use W(g), R̂n, Ξ, ρj , and xi j instead of W̃(g), R̃n, Ξ̃, ρ̃j , and x̃i j ,
respectively. Moreover, we assume that

∀ j, |ρ2
j − p| < ηnp, E(ρ2

j ) = p, E(ρ4
j ) = p2 + τp + o(p)

in the elliptical case and

∀i, j,
��xi j �� < ηn√n, E(xi j ) = 0, E(x2

i j ) = 1

in the linear case.
The proofs of Theorems 3.1 and 4.1 rely on analyzing the Stieltjes transform sn(z) of the ESD of

R̂n. We denote Mn(z) := p(sn(z) − syn (z)), where syn (z) is the Stieltjes transform of the distribution
Fyn ,Hn . Notice that by using the Cauchy integral formula, we have

W(g) =
p∑
i=1

g(λ̂i) − p
∫

g(x) dFyn ,Hn (x) = − 1
2πi

∮
C
g(z)Mn(z) dz, (A.6)

where C is any contour inside the domain and surrounding the support interval of Fy,H . This sug-
gests that we change our target to analyze the random process Mn(z). Following the ideas of the ar-
guments on pages 562–563 in [3] and pages 542–543 in [8], we investigate a truncated version M̂n(z)
of Mn(z). Let xr be any number greater than lim supn λ

R
max(1 +

√
y)2, and x� be any negative number

if lim infn λR
minI(0,1)(y)(1 − √

y)2 = 0. Otherwise choose x� ∈ (0, lim infn λR
minI(0,1)(y)(1 − √

y)2). Then,
define a contour C as C = C� ∪ Cu ∪ Cb ∪ Cr , where

Cu = {x + iν0 : x ∈ [x�, xr ]}, C� = {x� + iν : |ν | ≤ ν0}
Cb = {x − iν0 : x ∈ [x�, xr ]}, Cr = {xr + iν : |ν | ≤ ν0}
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and ν0 > 0 is to be determined. Let Cn = C ∩ {z : |�z | > n−2}. Moreover, for a sufficiently small ε > 0,
such that

x� + ε ≤ lim inf
n
λR

minI(0,1)(y)(1 −√
y)2 − ε ≤ lim sup

n
λR

max(1 +
√
y)2 + ε ≤ xr − ε.

Define

Bn = {lim inf
n
λR

minI(0,1)(y)(1 −√
y)2 − ε ≤ λmin(Ξ) < λmax(Ξ) < lim sup

n
λR

max(1 +
√
y)2 + ε}.

According to equations (1.9a) and (1.9b) in [3] and Lemma A.4 in [8], we have P(Bn) = o(n−t ) in
elliptical and linear cases for any given t > 0. Let

M̂n(z) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
Mn(z), if z ∈ Cn
Mn(x� + in−2), if �z = x�,�z ∈ [0,n−2]
Mn(x� − in−2), if �z = x�,�z ∈ [−n−2,0)
Mn(xr + in−2), if �z = xr ,�z ∈ [0,n−2]
Mn(xr − in−2), if �z = xr ,�z ∈ [−n−2,0).

Observe that in event Bn, when �z equals either x� or xr , |Mn(z)| ≤ 1/ε, then we have������p
∮
C

g(z)(Mn(z) − M̂n(z)) dz

������ =
�������p

∮
C\Cn

g(z)(Mn(z) − M̂n(z)) dz

������� ≤ K
p
n2 · 1/ε = o(1).

Therefore, to establish the central limit theorem for p
∮
C g(z)Mn(z) dz, it suffices to study

p
∮
C g(z)M̂n(z) dz. Furthermore, since �(z) can be chosen to be arbitrarily small, the contributions

from segments C� and Cr can also be small. This allows us to focus only on z ∈ Cu ∪ Cb when analyz-
ing M̂n(z). We still use the notation Mn(z) instead of M̂n(z) in the following for notation convenience.

Next, to investigate the random process Mn(z), we split Mn(z) into several parts. Specifically, we
have

Mn(z) =V +M0 + zM1 + z2M2 + z2O1 + z3O2, (A.7)

where

V = trA−1(z) − E
(
trA−1(z)

)
+ tr

(
A−1(z)D

)
− Etr

(
A−1(z)D

)
+ ztr

(
A−2(z)D

)
− zEtr

(
A−2(z)D

)
,

M0 = E
(
trA−1(z)

)
− psyn (z) + Etr

(
A−1(z)D

)
+ zEtr

(
A−2(z)D

)
,

M1 = tr
(
A−1(z)D

) 2
, M2 = tr

( (
A−1(z)D

) 2
A−1(z)

)
,

O1 = tr
( (

A−1(z)D
) 2

H−1(z)D
)
, O2 = tr

( (
A−1(z)D

) 3
H−1(z)

)
,

A(z) = Ξ − zIp, D = diag(Ξ) − Ip, H(z) = Ξ − z diag(Ξ).

Consequently



1002 Y. Yin, S. Zheng and T. Zou

(1): In both elliptical and linear cases, the terms O1 and O2 converge in probability to zero; thus,
they have no contribution to the limit properties of Mn(z).

(2): In both elliptical and linear cases, the terms M1 and M2 converge in probability to their means
E M1 and E M2; thus, they have contributions to the limit of the mean of Mn(z) but do not con-
tribute to the limit of the variance–covariance function of Mn(z). Moreover, we have in the ellip-
tical case

z E M1 + z2 E M2 → E1(z) = lim
n→∞

1
n

p∑
k=1

p∑
�=1

r2
k�

∂

∂z

( [
eTk

(
I + s(z)R

) −1 e�
] 2

)
.

While in the linear case,

E1(z) =
βx
2

lim
n→∞

1
n

p∑
k=1

p∑
�=1

∂

∂z

( [
eTk

(
I + s(z)R

) −1 e�
] 2

) p∑
j=1

(
eT� GejeTj GT ek

) 2

+ lim
n→∞

1
n

p∑
k=1

p∑
�=1

∂

∂z

( [
eTk

(
I + s(z)R

) −1 e�
] 2

) (
eTk Re�

) 2
.

(3): The term M0 converges to certain limits in both cases. The limit of M0 in the elliptical case is

E0(z) =y
∫ (

s′(z)t
) 2 dH(t)

s(z)(1 + ts(z))3
+ (τ − 2)

(
1 + zs(z)

) ∫ s′(z)tdH(t)
(1 + ts(z))2

+ lim
n→∞

2
n

p∑
k=1

∂

∂z

(
s(z)(eTk

(
I + s(z)R

) −1 Rek)2
)
.

The limit of M0 in the linear case is

E0(z) =y
∫ (

s′(z)t
) 2 dH(t)

s(z)(1 + ts(z))3
+ βx y

∫
s′(z)s(z)t2dH(t)
(1 + ts(z))3

+ lim
n→∞

2
n

p∑
k=1

∂

∂z

(
s(z)(eTk

(
I + s(z)R

) −1 Rek )2
)

+ lim
n→∞

βx
n

p∑
k ,h=1

g2
kh

∂

∂z

(
s(z)(eThGT (

I + s(z)R
) −1 ek )2

)
.

(4): The term V converges weakly to a zero mean Gaussian process in both cases. The process is
tight in both cases. The variance–covariance function is

v(z1, z2)

=2
[

s′(z1)s′(z2)
(s(z2) − s(z1))2

− 1
(z1 − z2)2

]
+ lim

n→+∞
2
n

p∑
k ,�=1

r2
k�

∂

∂z1
eTk

(
I + s(z1)R

) −1 ek
∂

∂z2
eT�

(
I + s(z2)R

) −1 e�
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+ lim
n→+∞

2
n

p∑
k=1

∂

∂z2

{
eT
k

(
I + s(z2)R

) −1 ek − 1

s(z2)

}
∂

∂z1
eTk

(
I + s(z1)R

) −1 ek

+ lim
n→+∞

2
n

p∑
k=1

∂

∂z1

{
eT
k

(
I + s(z1)R

) −1 ek − 1

s(z1)

}
∂

∂z2
eTk

(
I + s(z2)R

) −1 ek

in the elliptical case. While the variance–covariance function in the linear case becomes

v(z1, z2)

=2
[

s′(z1)s′(z2)
(s(z2) − s(z1))2

− 1
(z1 − z2)2

]
+ βx ys′(z1)s′(z2)

∫
t2dH(t)

(1 + s(z1))2(1 + s(z2))2

+ lim
n→+∞

1
n

p∑
k ,�=1

���βx
p∑
j=1

g2
k jg

2
� j + 2r2

k�
� !
[
∂

∂z1
eTk (I + s(z1)R)−1ek

∂

∂z2
eT� (I + s(z2)R)−1e�

]

+ lim
n→+∞

2
n

p∑
k=1

∂

∂z1
eTk (I + s(z1)R)−1ek

∂

∂z2

{
eT
k

(
I + s(z2)R

) −1 ek − 1

s(z2)

}

+ lim
n→+∞

2
n

p∑
k=1

∂

∂z2
eTk (I + s(z2)R)−1ek

∂

∂z1

{
eT
k

(
I + s(z1)R

) −1 ek − 1

s(z1)

}
+ lim

n→+∞
βx
n

p∑
k ,�=1

g2
k�

∂

∂z1
eTk (I + s(z1)R)−1ek

∂

∂z2

{
s(z2)eT� GT (I + s(z2)R)−1Ge�

}

+ lim
n→+∞

βx
n

p∑
k ,�=1

g2
k�

∂

∂z2
eTk (I + s(z2)R)−1ek

∂

∂z1

{
s(z1)eT� GT (I + s(z1)R)−1Ge�

}
.

Combining (1)–(4) and (A.6), we conclude that the random vector(
p∑
i=1

g1(λ̂i) − p
∫

g1(x) dFyn ,Hn (x), . . . ,
p∑
i=1

gK (λ̂i) − p
∫

gK (x) dFyn ,Hn (x)
)

(A.8)

converges to a K-dimensional normal random vector
(
Xg1, . . . ,XgK

)
in both cases. The mean function

is

EXg� = −
1

2πi

∮
g�(z)(E0(z) + E1(z))dz, 1 ≤ � ≤ K .

The variance–covariance function is

Cov(Xg�1
,Xg�2

) = − 1
4π2

∮ ∮
g�1(z1)g�2 (z2)v(z1, z2)dz1dz2, 1 ≤ �1,�2 ≤ K .

This completes the proof of Theorems 3.1 and 4.1.
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Appendix B: Proof of Theorem 3.2 and Example 3.1

B.1. Proof of Theorem 3.2

Let s(z) = − 1
1+

√
yξ

; then, we have dz = h(1 − ξ−2)dξ and z = 1 + hξ + hξ−1 + h2 = |1 + hξ |2, where
|ξ | = 1 and h =

√
y. When ξ runs counter clockwise on the unit circle, z runs counter clockwise on a

contour that encloses the support interval [a,b] = [(1 − h)2,(1 + h)2]. Thus, we regard z as a function
of ξ. Theorem 3.2 follows.

B.2. Proof of Example 3.1

First, notice that when R = I, we have

s′(z) =
s2(z)[1 + s(z)]2

[1 + s(z)]2 − ys2(z)
,

since

z = − 1
s(z) +

y

1 + s(z) = −
−[1 + (1 − y)s(z)]

s(z)[1 + s(z)] = −(1 − y)
[s(z) + (1 − y)−1]

s(z)[1 + s(z)] .

Let g1(x) = x, g2(x) = x2, g3(x) = x3, g4(x) = x4, and g5(x) = log(x). We know that the moments of
the standard M-P distribution with index y take the values

mk(y) =
k−1∑
r=0

1
r + 1

(
r
k

) (
k − 1

r

)
yk,

see Lemma 3.1 in [2]. From this, we can easily calculate the centering terms∫
g1(x) f yn−1 (x)dx =m1(yn−1) = 1,

∫
g2(x) f yn−1 (x)dx = m2(yn−1) = 1 + yn−1,∫

g3(x) f yn−1 (x)dx =m3(yn−1) = 1 + 3yn−1 + y2
n−1,∫

g4(x) f yn−1 (x)dx =m4(yn−1) = 1 + 6yn−1 + 6y2
n−1 + y3

n−1.

We also have the centering term∫
g5(x) f yn−1 (x)dx =

yn−1 − 1
yn−1

log(1 − yn−1) − 1, yn−1 < 1,

see Section 9.12.3 in [2]. Denote

A(g) = − 1
2πi

∮
g(z)

y
(
s′(z)

) 2

s(z)(1 + s(z))3
dz,

B(g) = − 1
2πi

∮
g(z)(τ − 4)

(
1 + zs(z)

) s′(z)
(1 + s(z))2

dz,



CLT for LSS of sample correlation matrices 1005

One can also derive from Theorem 3.2 and some calculations that

A(g1) = 0, B(g1) = 0,

A(g2) = y, B(g2) = y,

A(g3) = 3y(1 + y),

B(g3) = 3y(1 + y),

A(g4) = 6y2 + 6(1 + y)2y,

B(g4) = 4y2 + 6(1 + y)2y,

A(g5) =
log(1 − y)

2
,

B(g5) = −
y

2
.

The results of this example follows.
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