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A high-dimensional sample correlation matrix is an important random matrix in multivariate statistical analysis.
Its central limit theory is one of the main theoretical bases for making statistical inferences on high-dimensional
correlation matrices. Under the high-dimensional framework in which the data dimension tends to infinity propor-
tionally with the sample size, we establish the central limit theorems (CLT) for the linear spectral statistics (LSS)
of sample correlation matrices in two settings: (1) the population follows an independent component structure; (2)
the population follows an elliptical structure, including some heavy-tailed distributions. The results show that the
CLTs of the LSS of the sample correlation matrices are very different in the two settings. In particular, even if the
population correlation matrix is an identity matrix, the CLTs are different in the two settings. An application of
our two established CLTs is provided.

Keywords: Sample correlation matrix; high-dimensional; independent component structure; elliptical
distribution; central limit theorem; random matrix theory

1. Introduction

A correlation matrix is an important matrix in multivariate statistical analysis. Suppose that yy,...,y,
are independent and identically distributed (i.i.d.) from a p-dimensional population y with mean vector
p and covariance matrix X. The population correlation matrix is defined as

R = [diag()]"/*Z[diag(X)]""/%,

where diag(X) is a diagonal matrix formed by the diagonal elements of X. The sample covariance
matrix S, and sample correlation matrix R,, are defined as

Su=(n-1)7" > (v -9y -9, Ry =[diag(S,)]™/*S,[diag(Sa)] %, (1.1
j=1

where y =n~! X7, y; is the sample mean.

A large body of literature has studied the spectral properties of the sample covariance matrix. (1).
Regarding the limiting spectral distribution (LSD) of a high-dimensional sample covariance matrix,
[13] conducted pioneering work and established the M-P law. Later, [22] and [20] further extended the
results of the Marcenko-Pastur law and established the famous Stieltjes equations of the LSD; (2). For
the central limit theorem (CLT) of linear spectral statistics (LSS) of a high-dimensional sample covari-
ance matrix, [12] proved that the normalized power sums of sample eigenvalues were asymptotically
distributed as the standardized Gaussian distribution under X = I, by using the moment method. [3] es-
tablished the CLT for the LSS of high-dimensional sample covariance matrices under the Gaussian-like
moment conditions. The CLT was further extended to a situation with an unknown mean vector and any
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fourth moment by [16,27]. [8] further extended the CLT to elliptical distributions. (3). Regarding the
limiting distribution of the extreme eigenvalues of a high-dimensional covariance matrix, [11] derived
the Tracy-Widom law of the largest eigenvalue. [23] extended the result to elliptical distributions. For
more results of high-dimensional covariance matrices, readers may refer to the book lgy [2].

Regarding the spectral properties of high-dimensional sample correlation matrices R;,, some studies
have been conducted, but the literature is relatively limited. (1). For the LSD of a high-dimensional
sample correlation matrix, [9] proved that the empirical spectral distribution (ESD) of R,, weakly
converged to the MarCenko-Pastur law under R = I,. [5] derived the MarCenko-Pastur-type system of
equations of the LSD of R, for elliptical distributions, allowing R # I,. (2). For the extreme eigenval-
ues of ﬁn the almost sure limit of the smallest eigenvalue of ﬁ was derived by [24] under R =1,,.

[4] and [18] derived the Tracy-Widom law of extreme eigenvalues of R (3). For the CLT of the LSS
of Rn, [7] established the CLT for the LSS of R under R =1,,. [14] relaxed the condition R =1,
but required a Gaussian assumption since they used Gaussian tools based on the integration by parts
formula and the Poincaré—Nash inequality. [10] studied the CLT of special LSS of sample correlation
matrices under Gaussian assumptions. [25] established the CLT for LSS of rescaled sample correlation
matrix R,,R™! under the independent component structure. (4). The spiked model of correlation matrix
was investigated in [15] as an extension of the spiked covariance model in [17].

The existing results for the CLT of the LSS of sample correlation matrices are for certain special
conditions, namely, the Gaussian assumption, R =1,, a rescaled sample correlation matrix, or some
special LSS. To provide a general CLT of the LSS of sample correlation matrices, this study establishes
the CLT of the LSS of sample correlation matrices in two settings:

e The population y follows an independent component structure
y=pu+TIx, (1.2)

where I' is a p X p non-random matrix, Ey = g, and x is a p-dimensional random vector with i.i.d.
entries.
e The population y follows an elliptical structure

y =u + pI'x, (1.3)

where I' is a p X p non-random matrix with rank(I') = p, p is a non-negative random radius of y,
and x is a p-dimensional random direction independent of p, and uniformly distributed on the unit
sphere SP~! in RP (denoted by x ~ U(SP~1)).

The elliptical structure and the independent component structure both include Gaussian distributions.
However, the elliptical structure includes some heavy-tailed distributions (e.g., multivariate t distribu-
tion), but the independent component structure does not. Three examples of elliptical distributions are
given as follows:

o Multivariate Gaussian distribution: When p? ~ szn, where szn denotes the chi-square distribu-
tion with the degree of freedom m, then y follows N(u, TT).

e Double exponential distribution: When p ~ Gamma(p,1), where Gamma(p,1) denotes the
Gamma distribution with shape and scale parameters p and 1, y follows a double exponential
distribution with mean vector u and covariance matrix [T .

e Multivariate t distribution: When p?/p ~ F(p,v) with v > 4, where F(p,v) denotes the F distri-
bution with degrees of freedom p and v, then y ~ #(v, ur,v(v — 2)"'T'TT), which is a multivariate ¢
distribution with mean vector p, covariance matrix v(v — 2)"'I'T'” | and degree of freedom v.
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For other elliptical distributions, such as Kotz-type distributions and Pearson type II distributions, see
[6]. Multivariate t and Gaussian distributions are also mentioned in [8].
Our contributions are as follows:

e Deriving the CLT of the LSS of a high-dimensional sample correlation matrix ﬁn under the
independent component structure (1.2); _

e Deriving the CLT of the LSS of a high-dimensional sample correlation matrix R,, under the
elliptical structure (1.3).

It shows that the CLTs of the LSS of sample correlation matrices are very different under the indepen-
dent component structure and the elliptical structure. Even if the population correlation matrix is an
identity matrix, that is, R = I,,, the two CLTs differ under the two structures.

This paper is organized as follows: Section 2 derives the LSD of high-dimensional R,, under both
independent component and elliptical structures. The CLT of the LSS of R,, under the elliptical and
independent component structures is established in Sections 3 and 4, respectively. Section 5 presents
the application as well as some simulation results. The sketches of proofs of theorems can be found in
the Appendix. The detailed proofs of some theorems are included in the supplement.

2. Limiting spectral distribution of R,,
Assumption Ag. Assume that the i.i.d. samples yy,. . .,y, satisfy the following elliptical structure:

yJ':pJ'FXj+/.l,j=1,...,l’l, 2.1)

where I' is a p x p non-random matrix with rank(I') = p, X; is a p-dimensional random direction
independent of p; and uniformly distributed on the unit sphere S ~lin R”, and p j is a non-negative
random radius satisfying

2+e
Epi=p, Epl=p’+tp+o(p), Ep '(p;-p)| <o, (2.2)
for constants 7 > 0 and € > 0.
Assumption A;. Assume that the i.i.d. samples yj,...,y, satisfy the following linear independent
component structure:
yi=Ix;+pu, j=1,...,n,
where I' is a p X p non-random matrix, Ey; = g, and x; = (x1;,...,%p j)T is a p-dimensional random

vector with i.i.d. entries satisfying

Ex;j =0, Ex;; =1, Bxj; = B +3+0(1), E(|x;j|*(log(|x;;)***) < co.

Assumption B. Let G = [diag(X)]~!/2I". Assume that the ESD H,, of R = GG’ weakly converges to
a proper distribution H as p — oo. Moreover, the spectral norm of R is uniformly bounded in p.

Assumption C. A convergence regime is required as y, = p/n — y € (0,+00).
Assumptions Ag and Ay are for two model structures, where Ag applies to elliptical structures,

including some heavy-tailed distributions, and Ay, applies to independent component structures. For
the aforementioned elliptical distributions, we have
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e When y follows a multivariate normal distribution, 7 = 2 and p* ~ X;%;
e When y follows a double exponential distribution, 7 =4 and p ~ Gamma(p, 1);
e When y follows a multivariate t distribution, 7 does not exist and p? ~ pF(p,v).

Assumption B is for the spectral norm of the population correlation matrix R. Assumption C states that
the population dimension p and sample size n tend to infinity proportionally.

For simplicity, let {Aii=1,..., p} be the sample eigenvalues of R defined in (1.1). The ESD of R
is defined as

P
Fu(x) = p_l Z 6{}“ <x}b
i=1

where 6.y is an indicator function and x is any real number. The following theorem provides the LSD
FY-H(x) of F(x).

Theorem 2.1. Under Assumptions Ar.-B-C or Ag-B-C, the ESD F,(x) of R, converges almost surely
to the LSD FY-H whose Stieltjes transform s(z) is the only solution to the equation

1 +
S(Z):/t[l—y—yzs(z)]—de(t)’ zeC", (2.3)

inthe set {s(z) : —(1-y)/z+ys(z) € C*}, where C* = {z € C: 3(z) > 0} with 3(z) being the imaginary
part of z. Letting

1 —
5(2) = —Ty +ys(z), zeC*,

then (2.3) can be re-expressed as

1 t
= —@ +y/ —1 +t£(z)dH(t)-

Let [a, b] be the support set of the LSD F¥-H(x); then, F¥-H(x) =0, x <0 and

X

[ H @, y<1,x>0,
Fy’H(x) = Ox

[ H@)dr+(1=1/y)8(xz0p, ¥y > Lx >0,

0

with the limiting spectral density being
PR ) = (ym)! lim 3(s(2))6(0<asv<hy- 24

Note that the Stieltjes transform s(z) of the LSD of the high-dimensional sample correlation matrix R,
in (2.3) has the same form as that of the high—dimensional sample covariance matrix in [20]. More-
over, the Stieltjes transforms of the LSD of R,, are the same for elliptical and independent component
structures.
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3. Central limit theorem of linear spectral statistics of R,, under
elliptical structure

Let {A;,i=1,...,p} be the sample eigenvalues of ﬁn defined in (1.1), where yy,. ..,y satisfy Assump-
tion Ag. Define the LSS of R,, as

p
Lo =) ge(A), €=1,.. K, 3.1
i=1

where g¢(+),f = 1,...,K are some known analytic functions. To establish the CLT of the LSS of ﬁn, for
a fixed K and known functions gi,...,gx, we consider the K-dimensional random vector (W(gy), ...,
W(gk)), where

b

P
Wige)= Y 8el (i o0y = [ 80P (00, =1, K. (32)

i=1 p

and f¥n-1-H is defined in (2.4) with y,,_| = p/(n - 1).
We need an additional assumption as follows:

Assumption D. The functions gi,...,gx are known analytic functions in a domain containing

limigf/lrlfﬁn Spo<y<1y(1— V)i limsup ARy, - (1+)?
p

R

R
where A . and Ap,y

are the minimum and maximum eigenvalues of R, respectively.

3.1. Central limit theorem under elliptical structure

This section establishes the CLT of the random vector (W(gy),...,W(gk)) under the elliptical structure
assumption Ag.

Theorem 3.1. Under Assumptions Ag-B-C-D, the random vector (W(g1),...,W(gk)) weakly con-
verges to a multivariate Gaussian random vector (Xg,,. .., Xgy ) with the mean and covariance func-
tions as follows:

1
EXg, = o %c 8e(2)EM(z)dz,

1
Cox(¥e Xer) =3 b 808 ICOMM ). M) dia i,
1 2
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where
’ 2 ’
EM(z) =y / % H(1) + (- 2)[1 + 25(2)] / 71(?) JH ()
P 2
+ lim %Zai [s(z) (ek R(Z)Rek) } 3.3)
k=1
P P
im0 g (R
k=1 ¢=1
and
o @)’ (z) 1
CoviM(n1), M(z2)) =2 { () —sGOP (1 — 2P }
+n1_1>r£1mzz_;{z ke g ekR(Zl)ek egR(ZZ)e{’
(3.4)
o2& 9 el R(zp)ex — 1
+n£?m;§a ecRG@e 5(22) l

T
eR@)e -1 o ,
— || —e, R(22)ey,
5(z1) 92 k (z2)ex

for €,61,6, € {1,...,K}, C, C1, and C» are three contours enclosing the support [a,b] of F¥*"(x),

Ci, Cy are non-overlapping, the contour integral yg is anticlockwise, ry¢ is the (k, €)th element of the

population correlation matrix R, ey is the kth column of p X p identity matrix 1,,, s'(z) is the derivative
of s(z) at z, and

R(z) = (I, + s(z)R) -l

Remark 3.1. When R =1,,, (3.3) and (3.4) can be simplified as

3 yIs' () s'(2)
EM(z) —m +(t =41+ Zﬁ(Z)]m,

(S 1) 5(2)s'(22)
CovM{z,), M(z;)) =2 { ) -seP (o= 22)2} TPl + 5P

Theorem 3.2. Under Assumptions Ag-B-C-D and R =1, the random vector

W(g1).- ... W(gk))
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converges weakly to a multivariate Gaussian random vector (Xg,, ..., Xg ) with
Lo 2 3 1
EX,, = lim —; 1 -—|d
=i s et yiER) s - ) e
|£1=1
5 (3.5)
74 ge(|1++/yél”)
+ = dé
2ri &3
|£1=1
and
-1 ge, (11 +VVEP)ge, (11 + \VEP)
CovlXeq, Xery) = lim — ¢ f & WUl VWP g,
S et M (&1 -ré&)
&= 1&1=1
s s (3.6)
1 8o, (11 +yéil”) 86, (11 +y&|”)
272 — 44 I E—
T & 2

[&11=1 [&21=1

where £,01,6, € {1,...,K}, the contour 55 is anticlockwise, and
1+ VYEP =1+ Ve +y¢ " +y

satisfies |&| = 1.

Note that the CLTs of the LSS of ﬁn in Theorems 3.1 and 3.2 differ from those of ﬁnR‘] in [25].

3.2. Two examples

The following two examples show two applications of the CLT of the LSS of sample correlation matri-
ces under elliptical structure: one is for spatial-sign samples, and the other is for general samples from
elliptical structure.

Example 3.1. Letting g¢(x) = x¢ for £ = 1,2,3,4 and g5(x) = log x, under Assumptions A z-B-C-D and
R =1, we have

e Centering terms:

[g1(x)frr1(x)dx =1, [ ga(x) -1 (x)dx =1 + yu_i,
[ g3(x)frr-1(x)dx =1+ 3y,_1 +y2_,

J 80 fn1(x)dx = 1+ 6y, +6y>_ +y>_, 3.7)
[ gs(0)frn1(x)dx = 222 log(1 =y 1) = 1, yuo1 <1,
e Mean terms:
EXq, = 0, EXe, = =3y +71y,
EXg, = -9y(1 +y) +37y(1 +y), 39

EXg, = 6(7 = 3)y(1 +y)? + (47 — 10)y?,
EXg, =0.51og(1 - y)—0.5y(t - 4).
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e Variance and covariance terms:

Var(Xg,) =0, Var(Xg,)=4y%,

Var(X,,) = 6y +36y%(1 + y)2,

Var(Xg,) = 8y* + 96y3(1 + y)? + 16y[2y + 3(1 + y)*]%,

Var(X,.) = —2log(1 - y) -2y, y<1,

cOv(xgl,Xg[) =0, {=2,3,4,5,

COV( g2 3) = 12y2(] + y), (39)
COV(ng’Xg4) = 8y2[2y +3(1+ y)2]7

Cov(Xg,, Xgs) = —2y2,

Cov(Xgy Xg,) = 24(1 + y)y® +24y%(1 + y)[2y + 3(1 + y)?],

Cov(Xg;, Xgs) =2y — 6y%(1 + y),

CoV(Xgy. Xgg) = =25* + 8(1 + yPy* —4y% (23 +3(1 + )2 .
Example 3.2. Suppose that the samples y 1,yz, . ,y(,)L are i.i.d. from a p-dimensional elliptical structure

y?. =p?I‘xj, j=1,...,n,

in (2.1) and (2.2). Let the spatial-sign samples be

yO
BN I
Let the sample correlation matrix R,, be from the spatial-sign samples yy,. . .,Vn,

Su=(-17" > (v - N -9 R, =[diag($,)]™"/?8,[diag(S,)]1™/2,

and Aj,... /l be the sample eigenvalues of R,.. Then, when y? 1 yz,. ..,y" satisfy Assumptions
Ag-B-C-D and Cov(y?) =X= 0'21,,, where o2 is an unknown scalar parameter, the random vector

W(g1),....W(gk))

converges weakly to a multivariate Gaussian random vector (Xg,,...,Xg, ) With the mean function
EX,, and covariance function Cov(X, - gfz) which are the same as (3 5) and (3.6) with T = 0; that
is,

1 1\ 4 (11 +v¥€1%)
B =i 5 f a5 (5] -5 § ST e )
1£1=1 ‘ 1£]=1
-1 g6, (11 + V¥€1P)ge, (11 + Y€1)
Cov(Xg,, Xg,) = lim —— f f . dérde,
[&11=11& =1
(3.11)
+2Lﬂ2 j{ -7 |1;\/_§1|) dé, j{ g€2|1;\/_§2|) dé.
&1 1=1 ! & 1=1 2
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In particular, for g1 (x) = x, g2(x) = x%, g3(x) = x?, g4(x) = x*, gs(x) =logx, [ g(x)fn~1(x)dx, EXg,
and Cov(X, 8¢, ,ngz) are given in (3.7), (3.8) and (3.9) with 7 = 0.

Proof. Since x; is uniformly distributed on the unit sphere SP=1in RP, then X; can be equivalently
written as

x; =w;/|lw;ll, w; ~N(0,L).

Thus, we have

9= o0 12 = o L
7 lw JII Pi [Iw;ll
Then, by I’ =x= 0'21,,, we obtain
FWj d W
Yi=Vp =vp = pjX;,
7= VP Ew, T~ VP, = P

where I'w; ~ N(O, o-ZIp), 4 denotes having the same distributions, p; = 4/p, and Ep? = p2 with 7 =
0. O

4. Central limit theorem of linear spectral statistics of R,, under
linear independent component structure

This section establishes the CLT of the random vector (W(gy),. .., W(gk)) under the linear independent
component structure assumption Ay . Let {A;,i = 1,...,p} be the sample eigenvalues of R,, defined in
(1.1), where y1,. ..,y satisfy Assumption Ay.

Theorem 4.1. Under Assumptions Ay -B-C-D and GT G being a diagonal matrix or By = 0, the random
vector (W(g1),- - ,W(gk)) converges to a multivariate Gaussian random vector (Xq,,* - - , Xgy ) with the
mean and covariance functions as follows:

1
EXgp == fc ge(zx)EM(z)dz,

Cov(Xe, Xer) =375 6, yf 80, (21)80,(22)CoV(M(21), M(22) dz2 dz,
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where

~ [15(2)]? 125'(2)s(2)
9= | o a@p 05 | [

+ lim %i i[s(z)(eTR(Z)Re )]
n—oopn s 0z — k k

 Brvavn O T 2
+ lim Zngf 72 [s(z)(e G' R(z)ex) ] 4.1)

and

Cov(M(z1),M(22)) 4.2)
B s'(z1)s'(z2) 1 125"(21)s"(z2)
‘2{[ _(21—22)2}+Bxy/[ 4H()

5(z2) = s(z)? 1+ 15(z)P[1 +15(22)1

. 1 p P 0 o
+n£IPm;ZZ(ﬁngngg]+2rk€) [a ekR(a)ek zegR(zz)efl

k=1¢=1\ =1

ezR(zg)ek -1
s(z2)

el R(z)er — 1 o
k T
AT | R

s(z1) (912ek (2)e

BN 0 0 T
+n£r£1w722gk€~a—mekR(zl)ek o s(z2)e; GTR(22)Gey

k)

BN 0 g 0 T
+n£r£1m722gk{,~a—zzekR(Zz)ek P s(z1)e; GTR(z1)Gey

for €,61,6, € {1,...,K}, C, C1, and C, are three contours enclosing the support [a,b] of F¥-H(x), C,
C, are non-overlapping, the contour integral 95 is anticlockwise, gi¢ is the (k, €)th element of G, and

R(z) = (I, + s(2)R) "
Note that the CLT of the LSS of ﬁn in Theorem 4.1 differ from that of ﬁnR‘l in [25] for the case

R #I,,. However, for R =1, the CLT of the LSS of ﬁn in Theorem 4.1 is the same as that of ﬁnR_l
in [25].
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Remark 4.1. When 7 =2 and 3, =0, the CLT under elliptical assumption Ag, is the same as the CLT
under linear independent component assumption Ay . That is, the mean functions (3.3) and (4.1) are
the same, and the covariance functions (3.4) and (4.2) are also the same.

¢ Influence of 7: The mean function in the CLT under the elliptical assumption Ag depends on the
parameter 7. It is interesting that the covariance function in the CLT under the elliptical assump-
tion Ag is independent of the parameter 7.

¢ Influence of 8, : The mean and covariance functions in the CLT under the independent component
structure assumption Az both depend on the parameter Sy.

Corollary 4.1. Under Assumptions Ap-B-C-D and R =1,,, the random vector

W(g).-...W(gk))
converges weakly to a multivariate Gaussian random vector (Xg,, ..., Xg ) with
EXg,, COV(ngl’Xgez)
being the same as those in Example 3.1 of [25].

Example 4.1. Letting g/(x) = x¢ for £ = 1,2,3,4 and gs5(x) = log x, under Assumptions Az -B-C-D and
R =1, we have

e Centering terms: For £ = 1,2,3,4,5, /g[(x)fy"-l (x)dx is the same as (3.7) in Example 3.1.
e Mean and Covariance terms: For £,¢;,{, = 1,2,3,4,5, EX,, and COV(Xg[1 ,ngz) are the same as
Example 3.3 in [25].

5. An application

In this section, we test the uncorrelation of a group of random variables Y, .. ., Y, that is,
Hy : Corr (Yi,Y,)=0 for 1<k<{¢<p v.s. Hj:not Hy, 5.1)

where Corr(-) denotes the Pearson correlation coefficient. Since the elliptical distributions include
heavy-tailed distributions, for example, multivariate t distribution, we will test (5.1) under the ellip-
tical distributions.

5.1. Tests

Suppose that the samples y?,yg,. . .,yg are i.i.d. from a p-dimensional elliptical structure

y? =p?1‘xj, j=1...,n,

in (2.1). Let the spatial-sign samples be

0

i o
yj:\/];—o, ]=l,...,n.
1591
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Let Ay,.. .,/ip be the sample eigenvalues of the sample correlation matrix ﬁn from the samples
Yi,--.,¥n in (1.1). We consider two test statistics as follows:

p
Tr =logdet(R,) = Z log A;,
i=1
R P P
Ts =R, — 1) = > (4 =12 =) 2 -p,
=1

i=1 i

where T7, is similar to the generalized likelihood ratio test (GLRT) statistic in [1] and T is similar to
the Schott test (SCT) statistic in [19]. Without loss of generality, we let

p
Ts = Z /ilz

i=1

replace Ts/. Motivated by [21], to enhance the powers, we also consider the following statistic:
_ P P P
Tr=t[R, -1,)*1+3p= Y A} -4 > F+6> 12

i=1 i=1 i=1

By Examples 3.1 and 3.2, and setting
yn-1=p/(n—=1), yn=p/n,
under Hy and the assumptions of Example 3.2, we have
o (T — L) = N(O,1), 0<y,_1 <1,

o5 (Ts = ps) = N(0,1), 0<y,_1,

o (Tp = pr) = N(O,1), 0<y,_1,

where
pr = p(yn-1 = D(yn-1)"" log(1 = 1) = p+0.510g(1 = yu)+2yn,
HS = DPYn-1+DP = 3Yn,
UF = pyf’l_1 + Zpyfl_1 +3p + eq4 —4es + 6er,
o ==2log(l = yn) = 2yn, 05 =4yp,
0% = vg + 16v3 +36v3 — 8v3 4 + 12v2 4 — 4817 3,
with

er==3y,, e3=-9y,(1+y,), es=—-18y,(1+ yn)2 - lOyﬁ,
va=4yZ,  v3=6y; +36ya(1+y,)%
va = 8yp +96y3 (1 + yu)? + 16y2[2y, + 3(1 + yu)* 12,

v23 = 12y2(1+yn),  vaa = 8y2[2yn +3(1 + yu)*],
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V3,4 =24(1 + yu)ys + 24y2(1 + yu)[2yn + 3(1 + yn)?].

The rejection regions of the three tests based on the statistics 77, Ts, and Tr for testing (5.1) at the test
level 5% are as follows:

(Visees¥n: oL T — el > go.o75 ), (5.2)
(Yise-¥n: 05 Ts = ps| > o075} (5.3)
(Y- ¥n: OF | TF — prl > qoorsh (5.4)

where ¢ 975 is the 97.5% quantile of N(0, 1).

5.2. Simulation study

To test (5.1), this section compares the performances of our proposed three tests: “CLRT” from (5.2),
“SCT” from (5.3), and “FT” from (5.4). The matrix I is set as

e Scenario 1: T' = Y2, £ = (57,j,0) pxp- 5i.j.0 = 0(i=j} + 0310171,
e Scenario2: T'=Xx!/2 ¥ = (Si,j.)pxps Sijp =0(i=j} +0fizjys Lj=1,...,p,

where 1, is a p-dimensional vector with p elements being one and 6, 17 are two parameters satisfying
|6] < 1,0 < n < 1. In Scenario 1, all eigenvalues of X deviate from 1 with faint signals. And in Scenario
2, the maximum eigenvalue of X is 1 + (p — 1)n with the order O(p), and other p — 1 eigenvalues of X
are all 1 —n.

The samples y?,yg,. ..,¥" are i.i.d. from a p-dimensional elliptical structure

y?:p?l"xj, j=1,...,n

in (2.1), where X; is uniformly distributed on the unit sphere S” ~lin RP. Then, the spatial-sign samples
arey; = \/ﬁy? / ||y§?|| for j =1,...,n. We consider multivariate ¢ distribution of y? as follows:

e Multivariate t distribution: Let (p?)2

tributed as the multivariate ¢ distribution with mean vector 0,, covariance matrix v(v — 2)-'rr7,
and the degree of freedom v.

/p ~ F(p,v), where p? is independent of x;. Then, y? is dis-

The parameter setting is as follows:

Dimension: p = 100,250,500, 1000;

Ratio of dimension and sample size: p/n =0.1,0.5,0.8,1.5,5;

e 6=0,0.03,0.05 with 6 = 0 to evaluate empirical sizes and 6 # 0 to evaluate empirical powers in
Scenario 1;

n =0,0.001,0.002,- - - ,0.012 with = 0 to evaluate empirical sizes and 1 # O to evaluate empirical
powers in Scenario 2;

e Degree of freedom: v = 5.

The test level was set as @ = 5%, the simulation times were 10000, and the rejection regions of our
proposed three tests CLRT, SCT, and FT were (5.2)-(5.3)-(5.4). Table 1 presents the empirical sizes
and powers of our three tests in Scenario 1. It seems that the SCT performs better than the CLRT
and FT. Fig. 1 shows the performances of the three tests for p = 500 and n = 600 in Scenario 2. In
this setting, the FT performs better than the CLRT and SCT. The simulation results show that the test
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Table 1. Percentages for empirical sizes and powers of the three tests CLRT, SCT, and FT in Scenario 1.

Empirical sizes

Empirical powers

6=0 6=0.03 6=0.05
4 p/n | CLRT SCT FT CLRT SCT FT CLRT SCT FT
0.1 4.65 472  3.81 14.23 14.99 1142 67.26 70.36 57.98
100 0.5 4.75 442 332 5.52 4.67 3.45 7.05 8.04 6.16
0.8 5.76 430 3.06 5.17 4.61 3.68 6.01 6.54 5.12
1.5 / 414  3.04 / 4.56 3.25 / 5.00 4.09
5 / 3.89 3.80 / 4.29 4.08 / 4.03 3.68
0.1 4.99 478  4.77 58.6 61.8 49.6 100 100 100
250 0.5 5.02 4.65 4.25 6.36 7.02 6.05 18.1 24.9 18.9
0.8 5.15 453  3.61 5.61 6.18 4.73 8.33 12.8 10.0
1.5 / 473 3.84 / 498 4.24 / 7.03 6.07
5 / 3.90 3.77 / 4.32 4.15 / 4.73 4.44
0.1 5.39 512 491 99.0 994 97.6 100 100 100
500 0.5 4.62 4.66 4.53 11.7 14.9 11.3 51.8 70.4 56.8
0.8 4.96 4775  4.45 6.71 9.31 7.63 16.6 344 26.6
1.5 / 458 4.21 / 6.02 5.17 / 13.8 11.6
5 / 482 434 / 4.99 4.93 / 5.45 5.58
0.1 5.28 486 4.99 100 100 100 100 100 100
1000 0.5 5.39 469 444 30.8 44.6 33.8 98.0 100 99.1
0.8 5.42 5.03 4.69 10.8 19.7 15.3 50.9 87.8 77.1
1.5 / 4.84 4.776 / 9.06 7.58 / 37.7 304
5 / 490 4.82 / 5.35 5.16 / 7.99 7.84
1 T e g T
0.8 - Lid! /°
§ -II ></ O/‘
_g' 0.6 — A # H i :
§ /L A /O/
8 04 it &
E & ’I ,.'. ; o/,
- : I’ >< /
°2 - 5 7 T
: /A_/' : °/° SaET
0.05 —| n—l’::".°"'°/

T
0.000

T
0.002

T
0.004

T
0.006

n

T
0.008

T
0.010

0.012

997

Figure 1. Empirical sizes and powers of the three tests CLRT, SCT, and FT in Scenario 2. The dimension and
sample size is p = 500 and n = 600, respectively.
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“SCT” is powerful for the alternative that all its eigenvalues {1;,j = 1,---,p} deviate from 1 with
faint and dense signals because Y7_, (4; — 1)* will be very large. For example, if ) = -+ =1,/ =1.2
j_

and A,/2,1 =+ =4, = 0.8, then Zle(/lj —1)? = 40 for p = 1000. The test “FT” is powerful for the
alternative with its spike eigenvalues far exceeding 1 because the fourth power of the spike eigenvalues
will be very large.

Appendix A: Proofs of Theorem 2.1, Theorem 3.1, and Theorem 4.1

This section provides the skeleton proof of some theorems in Sections 3 and 4. The technical details
can be found in the supplementary file: Supplement on “Central Limit Theorem of Linear Spectral
Statistics of High-dimensional Sample Correlation Matrices.”

A.1. Remove the sample mean

First, notice that

Su=(-17" > ¥ =N -H == D7 D=5 -5,
Jj=1 Jj=1

where

0 { o;iI'x;, under elliptical case,
Yi=\p

I'x;, under linear case,

and §° = n~! Z;’: 1 y(/?y?T. Note that the rank of yOyOT is at most one, and
combined with Theorem A.43 in [2], we know that for a large n, the difference between the ESD of
89 and the ESD of S, is negligible. Thus, we consider S instead of S,, in the proof of Theorem 2.1
in the next section. Then, by the proof of substitution principle for the CLT of the LSS of the sample
covariance matrix in [27], we also study the matrix S(,)L instead of S,, in the proof of Theorems 3.1
and 4.1. The difference between these two CLTs is indicated by the change in the ratio of dimension
to sample size, from y, to y,_;. By checking the proofs, we find that the main task in proving the
substitution principle is the proof of (5.7) in [27]. By the decomposition equation (1.18) and Lemma
2.3 given in the supplement [26], combined with (5.6) and Lemmas 5.1 and 5.6 in [27], the substitution
principle for the CLT of the LSS of the sample correlation matrix also holds. Section 5.3.2 in [27]
contains further details.

In the following sections, we still use S,, instead of 89, and the definition of the sample correlation
matrix is redefined accordingly. Before presenting the proof, we offer some notations. Let

. ¥Y. Denote S% =n~! 25

G = (gxn) = [diag(Z)]""/°T, (A1)

_ p?Gx jxjr GT, under elliptical case,

;= Tlr i (A.2)
Gx;x . G, under linear case,

1 n
E= ;Zaj. (A3)

j=1
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Observe that
E(E;) =E(E)=R, hence diag(E(E;)) = diag(E(Z)) =1,,. (A4)
It is easy to see that R,, can also be written as
R, = [diag(E)]"/? 2 [diag(2)]"!/2.

Throughout this paper, we also note that C and C.) denote constants that may take different values
from one appearance to another.

A.2. Proof of Theorem 2.1

The result under the linear model was proven in [5], and we now consider the elliptical case. Note that
IE|| < C,a.s. as n — oo (see the supplement for details); it can be verified from Lemma 2.3 in the
supplement that

R, -z

H(dlag( )2 - Ip+Ip) ([dlag( 2o, +1,,) (A.5)

< (1diaz@172 - 1,) = (1diag @12 -1,
+|= ([diag(a)]—1/2 - 1,,) ” + H ([diag(a)]—1/2 - I,,) =

1) e

Then, the result of this theorem in the elliptical case follows from Theorem 2.1 in [8] and Weyl’s
inequality.

+ 2” ([diag(a)]—1/2 - I,,)

A.3. Sketch of proofs of Theorem 3.1 and Theorem 4.1
This section provides the main sketch of the proof of Theorems 3.1 and 4.1. The details are included in

the Supplementary Material. Recall that, for any analytic function g in a domain containing the support
interval FY-H

p ~
W(g)=zg(ﬂi)—p/g(X)dFy”’H"(X),
i=1

where {/i,-,i =1,...,p} are the eigenvalues of ﬁn
First, we need to conduct truncation, centralization, and rescaling. Specifically, in the elliptical case,
we perform truncation and rescaling on {p;,j = 1,--- ,n} and provide the following notation:

e Truncation: Denote j; = E=pn! Z";zl pvj2.Gx_ ,-XJT GT, and

pjl{‘pf-—zr‘ﬂmp}’
R, = [diag(é)] 2% [diag(é)] -2

where the sequence 77,, | 0 as n — oo and satisfies

2
-2 -1 2
N Vn — oo, M P E[(Pl _P) I{|p%_p|z,]np}] — 0.
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e Rescaling: Denote jj = pj /oy, E=n"" 2o ﬁ?ijijGT, and

R, = [diae®)| " E[aine®)]

where o> =E (ﬁ%) /p.

In the linear case, we perform truncation, centralization, and rescaling on {x;;,i = 1,---,p,j = 1,--- ,n}
and provide the following notation:

v

® Truncation: Denote X;j = xijly. 1 \m}> X = (%), E=n"'GXX"G, and

R,=n" [diag(é)] [d ag(E)|~ 12,

where the sequence of 77, = (logn)~1*4)/2 | 0 as n — .

o Centralization and Rescaling: Denote %;j = (fij —E)?ij) /\lE(iij —E)Zij)z, X = (iij), E=

n‘le(f(TG, and
~ ~1-1/2 = ~ 1-1/
R, = [diag(a)] 5 [diag(a)]
We define V~V(g) as the analogs of W(g) with R, replaced by R,,. We can prove that

W(g) = W(g) +04.5.(1)

in the elliptical and linear cases, respectively. Therefore, we only need to derive the hmltmg distribution
of W(g) For simplicity, we still use W(g), Rn, E, pj, and x;; instead of W(g) n =, pj, and X,
respectively. Moreover, we assume that

vJ, Ipf = pl <mmp, E(pf) =p, E(pj*) =p* +1p+0(p)
in the elliptical case and
Vi,j? |xij| <77n\/ﬁa E(xij)zoa E(xlzl): 1

in the linear case.

__ The proofs of Theorems 3.1 and 4.1 rely on analyzing the Stieltjes transform s,,(z) of the ESD of
R,. We denote M, (z) := p(sn(z) — sy, (2)), where sy, (2) is the Stieltjes transform of the distribution
FYn-Hn Notice that by using the Cauchy integral formula, we have

p
W)= Yt =p [ sar b =2 § some e (A6)

P i
where C is any contour inside the domain and surrounding the support interval of F>-¥/. This sug-
gests that we change our target to analyze the random process My (z). Following the ideas of the ar-
guments on pages 562-563 in [3] and pages 542-543 in [8], we investigate a truncated version Mp(z)
of M,(z). Let x, be any number greater than limsup, AR, (1 + \/i)z, and x; be any negative number
if liminf,, AR, I 1)(»)(1 = v/¥)? = 0. Otherwise choose x; € (0,liminf, AR. I 1)(»)(1 = y¥)?). Then,
define a contour C as C = C¢ U C, U Cp U Cy, where

Cuo={x+ivg:xe[xex ]}, Cr={xe+iv:|v|<v}
Cpr={x—ivg:x€lxe,xr1}, Cr={xr+iv:|v|<w}
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and vy > 0 is to be determined. Let C,, = C N {z : |Jz| > n~2}. Moreover, for a sufficiently small & > 0,
such that

x¢ +&<lim inf/lllflinl(o,l)(y)(l - \/§)2 — & < limsup /lllflax(l + ﬁ)z +e<x —e.
n n

Define

B, = {hmmugmz(o DO = VY)? = & < Apin(E) < Amax () < lim sup/l R (1+y)?+¢e).

According to equations (1.9a) and (1.9b) in [3] and Lemma A.4 in [8], we have P(8B,) = o(n”") in
elliptical and linear cases for any given ¢ > 0. Let

M, (z), ifzeCy

M, (xp +in72), if Rz =x¢, Iz €[0,n72]
M (2) = { Mu(x¢ —in~2), if Rz =xp, 9z € [-n2,0)

M, (x, +in~2), if Rz =x,, Iz € [0,n7?]

M, (x, —in~?), if Rz =x,, Iz €[-n"2,0).

Observe that in event B,,, when Rz equals either x; or x,, [M,,(z)| < 1/&, then we have

p f 8(2)(My(z) — Mn(2)) dz| = |p 75 8(2)(Mn(z) — Myn(2)) dz| < K% 1/e=o(1).

o C\Cn

Therefore, to establish the central limit theorem for p fc g(2)My(z)dz, it suffices to study

p 550 g(z)[\7l (z) dz. Furthermore, since J(z) can be chosen to be arbitrarily small, the contributions
from segments C¢ and C, can also be small. This allows us to focus only on z € C, U Cp, when analyz-
ing My (z). We still use the notation M,,(z) instead of M 1(2) in the following for notation convenience.

Next, to investigate the random process M, (z), we split M,(z) into several parts. Specifically, we
have

Mn(2) =V + Mo + zMy + 2°Ms + 2201 + 2204, (A7)

where

V=tuA"l(z)-E (trA—‘(z)) +ir (A‘l(z)D) —Etr (A—l(z)n)
+ ztr (A_z(z)D) — zEBtr (A_z(z)D) ,

—E (A" (z)) psyn(z)+Etr(A_](z)D)+zEtr(A_2(z)D),

(
tr (A 'op)”, Mz=tr((A-1<z>D)2A-1(z)),

1(z)D ‘l(z)D) . Oy=tr ((A‘l(z)D) ’ H‘l(z)) :
A(z)=E-zI,, D=diag(E)-1,, H(z)=E - zdiag(E).

Consequently
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(1): In both elliptical and linear cases, the terms O; and O, converge in probability to zero; thus,
they have no contribution to the limit properties of M,,(z).

(2): In both elliptical and linear cases, the terms M| and M, converge in probability to their means
E M, and E M;; thus, they have contributions to the limit of the mean of M,,(z) but do not con-
tribute to the limit of the variance—covariance function of M,,(z). Moreover, we have in the ellip-
tical case

2 : 2 T 1
tEM; +z EMzﬂEl(z)zlggr;c;];;rkga—z([ek (I+s(z)R) ee] )

While in the linear case,

P P P
El(z)—— lmgoizz;o% ([ek (I+s(z)R) 1eg] )Z( Geje TGTek)2

Jj=1
AN 12\ (g 2
+ lim - Z Z Ep ([ek (I+s(2)R)” eg] ) (ek Reg) .
(3): The term M( converges to certain limits in both cases. The limit of M| in the elliptical case is

[ (s') aH() s/ (2)1dH(1)
)=y | @y TP s) J TR

+ lim = Z (s(z)(ek (I+s(z)R)” Rek)z).

The limit of M in the linear case is

[ (s'@n) aH ) 5'(2)s(z)2dH(1)
Fo@)=y / s +1s@)P / (I + 15

p

i ,}E‘;% i (s(z)(ez (I+s(z)R) -l Rek)z)
1
< 9 T -1
11_1)120— Z Sin e (s(z)(ehG (I+5(z2)R) ™ ex) )
Sy

(4): The term V converges weakly to a zero mean Gaussian process in both cases. The process is
tight in both cases. The variance—covariance function is

v(z1,22)
_2[ s'z)s'(z) 1 ]
(s(z2) = s(z1)? (21— 2)?
¢ lim 2 2 —el (I+s(zl)R)_1ekieT (I+5(z2)R) e
n—+oo n keazl k = 97 t 2

k,l=1
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-1
2& 6 [ef T+s(z2)R) e -1] o »
li — — — — I R
+n_1>I£100n é azz{ E(ZZ) aZ] ek ( +§(Zl) ) €k
-1
2L 5 [ef I+s(z1)R) e—1] 4 o 4
li - — — I R
+"_I’IE°°”/;<9Z1{ s(z1) EES ¢ L sR) e

in the elliptical case. While the variance—covariance function in the linear case becomes

v(z1,22)

- [ s"(z1)s'(z2)

(s(2)-5Gz)?  (z21-22)

, ) 12dH (1)
+Bxys'(21)s'(22) / (1 + 5(z1))2(1 + s(z2))?

n—+oon

+ lim — Z (ﬁxng]g§j+2r,f[)[ 0 el (I+5(z1)R)” ekaie[(l+§(zg)R)_]egl

e (I+5(z2)R) ' ex — 1 }

+ lim 35] 9 e T(1+s(z))R) e 9
dz1 K “a Koz, s(z2)

+ hln e I + S 22 R ek

P {e,{ (I+s(z1)R) " e —1}

+ lim = Z gkg 8‘9 €, (I + s(zl)R) ey 6i {S(zz)e{, GT(I +5(z2)R)” Geg}

P
. _ 0
+n£r+l-loo ; kf[) (I+£(Z2)R) lek 92 {s(zl)e GT(I+S(Z1)R) 1Ge[}

Combining (1)—(4) and (A.6), we conclude that the random vector
p . P .
(Z ) =p [ a@dPm ...y el -p [ extoarn <x>) (A8)

i=1 i=1

converges to a K-dimensional normal random vector (Xg,,...,Xg, ) in both cases. The mean function
is

1
EX,, =5 § 2@(Eo(0)+ B0z 1<K,
The variance—covariance function is

COV(Xg,,1 gfz) il y{‘75‘gel(Z1)ggz(zz)V(Zl,Zz)ddez, 1<, <K.

This completes the proof of Theorems 3.1 and 4.1.
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Appendix B: Proof of Theorem 3.2 and Example 3.1

B.1. Proof of Theorem 3.2

Let s(z) = —ﬁ; then, we have dz = h(1 — é72)dé and z = 1 + hé + hé™' + h? = |1 + hé|?, where

|€] =1 and h = +/y. When ¢ runs counter clockwise on the unit circle, z runs counter clockwise on a
contour that encloses the support interval [a,b] = [(1 — h)?,(1 + k)?]. Thus, we regard z as a function
of £. Theorem 3.2 follows.

B.2. Proof of Example 3.1

First, notice that when R =1, we have

s* @M +s@)P

S T Ty
since
S,y COens@l )[E(Z)+(1—)’)_l]
s(z) l+s(x  s@Il+s@] Y S(2)[1 +5(2)]

Let g1(x) = x, g2(x) = x2, g3(x) = x>, ga(x) = x*, and g5(x) = log(x). We know that the moments of
the standard M-P distribution with index y take the values

k-1

1 _
my(y) = Zo m(;) (k - l)yk,

r=

see Lemma 3.1 in [2]. From this, we can easily calculate the centering terms
/gl(X)fy"‘1 (x)dx =mi(yn-1) =1, /gz(x)fy”“(X)dx =my(yn-1) =1+ yn-1,
[ esortds =ms(- =14 301432

/ ga(OL 1 (X)dx = ma(ymo) = 14 6yp1 4632, + 30,

We also have the centering term

1—1
/ OO () = 2 log(1 =y, =1, et <1

n—1

see Section 9.12.3 in [2]. Denote

_ L ’(Z)
Ale) = f ( )s<z><1 vs@p

B(g)——% ¢ o= (14 250)

s'(2)
T+s@r
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One can also derive from Theorem 3.2 and some calculations that

A(g1)=0, B(g1)=0,
A(g2) =y, B(g2)=y.
A(g3) =3y(1+y),

B(g3) =3y(1+y),

A(ge) =6y +6(1+ )y,

B(ga) =4y +6(1 + y)y,

Algs) = EC7Y),
B(gs)= 3.

The results of this example follows.
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Supplement on “Central limit theorem of linear spectral statistics of high-dimensional sample
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of detailed proofs of Theorems 3.1 and 4.1.
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